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1. INTRODUCTION 
We study the uniqueness question for the initial value problem for the 
following partial differential equation: 
,,‘ 
Ut + 1 -Q(u) = 0 (=I axi (1) 
We are concerned with the problem in the large and therefore consider 
discontinuous (weak) solutions (for general background cf. [Z] and [3]). 
Our approach is that of A. Douglis [I] who, in the case of a single space 
variable, i.e. n = 1, introduced and developed an ordelering principIe for (1) 
whereby solutions are partially ordered like their initial values. Two solutions, 
u and v, are said to satisfy the ordering principle when u < v on the base 
of a cone of deteminacy implies that u < v throughout the cone. Douglis 
showed that if f = fi is strongly convex then the ordering principle is 
satisfied in the class of bounded generalized solutions which satisfy a certain 
entropy cozdition. One way to describe this condition is that the solution 
should decrease as you move across discontinuities in the positive direction. 
It is this version that we shall generalize to the multi-dimensional case. 
However, in the case z > 1 our theorem will not be as all-embracing as 
that of Douglis in the case of n = 1. 
Specifically we show that if all the fi are convex, 
f;(4 > 0, i = 1, 2,..., n (2) 
* This work was supported in part by the National Science Foundation under 
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then the ordering principle will prevail in the class of piecewise smooth 
sohtions with fnmz~d facing slzocks. We shall define this class in Section 2 
but we point out that this class includes solutions which are nonincreasing 
in the space variables, i.e. 
32 > y =s u(t, x) < u(t, y) (31 
where by x > ‘y’ we mean xi > yi for all i = l,..., 12. In [3] it is shown 
that the condition (3) persists for all r > 0. In [#I, unique dependence 
upon initial data was proved under assumptions (2), (3) and the additional 
restriction that (f;(u),..., f,“(u)) have a constant direction. 
2. GENERALIZED SOLUTIOXS 
Throughout this paper u and v shall denote functions defined almost every- 
where in the (n + 1) dimensional upper half-space H = {(t, x) : t 3 0, x E Rn]. 
We say that such a function u is piecewise smooth if 2~ is continuously 
differentiabIe in H except (possibly) in the closure of a regular n-dimensional 
shock surface 2 = Z(U) across which u has strong discontinuities. This 
means that u. has well defined limiting values, U- and u-r, at every point off: 
(except points lying on edges of 2) the limits being taken from opposite 
sides of Z:. We label the larger value U- so that 
u- > u+. (4) 
When we say, as above, that Z is a regular n-dimensional surface we mean 
that there is a locally finite decomposition, 
where the index set J is at most countable and the components EU are 
n-dimensional es-manifolds with or without boundary.’ Lower dimensional 
boundary manifolds are referred to as edges. Although edges may be shared 
the interiors of the components are disjoint. 
By generalized solution of (1) we mean a piecewise smooth function u(t, X)
which satisfies the following two conditions: I. u(t, X) satisfies (1) at each 
point at which u(t, CC) is smooth, i.e. at each point not on Z(z). II. The 
Rankine-Hugoniot shock conditions, 
rlt + rln: * 44 = 0, (61 
are satisfied at each point of .X(u) with the exception of those points lying 
on an edge, i.e. on a lower dimensional manifold bounding a shock component 
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& - Here, hi, rlz) = h, q1 ,..., 7,) is the unit normal vector on Z directed 
towards the U+ side of Z. The n-dimensional “shock velocity” D is given by 
+) = f@-) f(u+) u- + Uf 
= s )(*- + L9(uf - -) de. 
In equation (6), as in the following, the “dot” denotes the usual inner 
product in P. Similarly, 1 x ( = (s - x)1/z for any s in lin. 
An elementary calculation shows that any piecewise smooth function 
which is a generalized solution of (1) in the sense employed [3] (i.e. the 
familiar “test function” definition) will also satisfy conditions I and II 
listed above. For the case n = 1 this argument is given in detail by 0. Oleinik 
in [2]. 
It follows from (6) and (7) that no plane, t = constant, can be tangent to 
E(U). In fact from (6), the Schwarz inequality and the relation 7: + 1 7X Ia = 1 
it follows that 
(1 + I cJ I”>-’ G I% I2 (8) 
This implies the strict positivity of 1 qz 1 which in turn yields the stated 
assertion. 
DEFINITION. A gemralized solution is said to have forward facing shocks 2% 
together with the convention (4), the relation, 
is satisJied. 
Remember here that (Q ,T.) is directed from the U- to the U+ side of 
each ZE , This being the case it is clear that every solution satisfying the 
monotonicity condition (3) has forward facing shocks. 
Away from the shock surface the classical theory of characteristics for 
(1) is applicable. Because (1) is homogeneous zl will be constant along 
characteristics, i.e. along integral curves of 
and hence the characteristics are straight lines. We can then think of the 
shock surface Z(U) as the set of points where two or more characteristics 
meet, each carrying distinct values of u. At a point in the interior, since 
there are well defined limiting values, only two characteristics will meet, 
each impinging on a different side of .Z. This, together with the smoothness 
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of ZU and the boundedness of U, implies that at an interior point of Z(U) 
the first order partial derivatives of u will also have well defined limiting 
values from either side of E(U). 
There is no limit to the number of characteristics that might intersect 
at a point on the edge of a shock component. However, the special form of (10) 
involving as it does the composition of u : Rnfl + R1 andf’ : R1 ---f Rn puts 
severe restrictions on a collection of intersecting characteristics. The 
assumption of convexity off allows us to express this restriction by means 
of an ordering relation. If n and b are in P then by a < b we mean that 
ai < bi for all i = I,..., n and a, f bi for at least one i. We then have 
LEMMA 1. Let C, and C, be dtitinct characteristics having slope vectors 
f ‘(uJ and f’(uz). If C, and C, meet at a point of H then eitherf'(ul) < f'(uJ 
~rf'w <f'(%). 
Now ui f u, since C, and C, are distinct. Hence, either u1 < ua or 
us < u1 ~ The convexity assumption (2) then implies that either f i(uJ <f ;(u,} 
for all i or f ;(ua) ,< f ;(ul) f or all i. Finally, since Cl and C, are distinct, 
we must have j;(~i) f f ;(uJ f or at least one i and the lemma is proved. 
If two characteristics meet at a point P = (t, 2) we shall say that they 
converge at P if they both are defined for t < t and that they diverge at 
P if they are defined for t > i. 
LEMMA 2. If f is convex and the solution has forward facing shocks then 
an-y characteristics which meet must convmge. 
Proof. We prove the lemma for the case of two characteristics C,, and Cs 
meeting at a point (t‘, X) in the interior of the shock. The proof of the lemma 
at an edge point follows from this by continuity and the boundedness of U. 
Now if C, and C, were both defined for t > r‘ then they would be given by: 
c, : xm = x + (t - t)f'(u,), t>t‘, a=l,2. 
If we assume that C, and Ca are labeIed so that u1 < ua then from Lemma 1 
we see that x’(t) < S(t), t > f. This, together with (9), shows that us = u+ 
and u1 = u- contradicting (4). Thus C, and C, cannot diverge, i.e. at least 
one must be defined for t < t. Without loss of generality we assume it 
to be C, . Rut now if C, is defined for t > t while C, is defined for t < f then 
and 
rlt +f'(%) '77e -=C 0 
at (t‘, a). Recall that the normal vector is directed to the side of Z on which 
5W6/1-~ 
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ZJ has the smaller value which in this case is U, . On the other hand since 
f is convex we have 
f'(q) < fh) -f(u2) \<f'(u,) 
% -u2 
These inequalities together with (9) result in 
?t + f(u1) -fb2> 
Ul - a2 
'rlz -co 
which contradicts the Rankine Hugoniot condition (6). Thus the lemma is 
proved. 
This lemma shows that if u has forward facing shocks then the shock 
surfaces are points where characteristics meet carrying different values of u 
from preceding times. This seems to be intimately linked with the question 
of uniqueness and stability. If the solution had backward facing shocks, i.e. 
qr < 0, then an argument similar to the one given above would show that 
any characteristics which meet must diverge. Such a discontinuity (a 
rarefaction shock) is known to be unstable in the case ?z = 1 (cf. [2]) and the 
same argument proves instability in the case n > 1. 
A second consequence of Lemma 2 is that the unique characteristic through 
every point not on Z can be continued backward to the hyperplane t = 0. 
Lemma 1 is applicable to the case when more than two characteristics 
meet at a point (f, 3) on (the edge of) a shock component .& . It implies in 
such a situation that the characteristics have pairwise ordered slopes. Hence, 
the set of points where the characteristics meet the initial hyperplane is 
also pair-wise (linearly) ordered, i.e. if S(t, X) = the set of points x such 
that the characteristic issuing from (0, X) meets (t, 2) then for any points 
~1, x2 in S(t, f) either x1 < ~a or x2 < 2~~. Because u is bounded and f’ is 
continuous we see that ,S(t, 3) is bounded; because zc is smooth away from 2 
we see that S(t, 3) is closed. Hence, there is an X* and x* in S(f, 2) such 
that x.+ < x < x* for all x E S(t, x). From this we obtain 
or alternatively 
(12) 
where g; is the inverse off j . Similar formulas are known in the case IZ = 1 
which are valid even without the a priori assumption that u is piecewise 
smooth (C-4, I.% [61). 
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3. THE ORDERING PRINCIPLE 
A cone x in N defined by 
x = ((t, x) : 1 x - xl / < K i t - tl ;, to < t < tl) fW 
is said to be a cone of determinacy for a solution u if 
If for any two members U, ZI of a class 52 of locally bounded generalized 
solutions of (1) and for any common cone of determinacy x me have u ,> B 
almost everywhere throughout x whenever u >, z, almost everywhere 
(n-dimensional) in the base of x then we shall say that the urdering principle 
holds in 52. This notion was introduced in the case n = 1 by A. Doughs 
in [I]. This section is devoted to a proof of the following theorem. 
THEOREM. If f : R1 + Rn is C” and conz1e.u then the ordering principle 
hold-s in the class of locally bounded (piecewise smooth) generalized solutions 
which have forward facing shocks. 
COROLLARY. Solutions in this class are uniquely determined by their initiaI 
oalues. 
Remark. The theorem is of course applicable in those situations where a 
rotation of the coordinate axes is necessary to confine the vectorsf”(u) and 
Q, to the positive cone. 
Proof. If the theorem were false then there wouid be two locally bounded 
generalized solutions I and v with forward facing shocks and a common 
cone of determinacy x defined by (13) such that z’ - u was positive in an 
open subset of x (we are here using the fact that e; - u is a piecewise smooth 
function) even though 
w(tO, iv) = a(tO, Lx) - u(tO, x) < 0 WI 
at every point in the base of x not lying on Z(u) u -P(V). 
Now the function w = w - u satisfies 
Wt + i A&* + Bw = 0 
id 
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at every point of H - (Z(U) U Z(V)). A = (A, ,..., A,) is defined by 
1 
f(v) -f(4 A(t, x) = v - 21 if vfu 
f ‘(4 if v=u 
where v = a(t, x), u = ~(t, X) and the function B is given by 
A is clearly piecewise smooth and any discontinuities must lie in 
Z(U) u Z(v) = 2. In H - Z we consider the characteristic system for (16): 
For (z?, S) E H - 2 we let x(t; f, 5) be the unique solution of (18) such that 
x(t) = R We shall denote by r(t, Z) the characteristic curve falling from 
(t, a), i.e. 
qt, 2) = {(t, x) : x = x(t; i, z), t < f}. 
We shall refer to any such r as a fiber. Let i be a left maximal endpoint 
for the solution x(t) = x(t; t, X) (for this terminology see chapter II of 
reference [7]). Since A can also be written as 
A = 
J 
-+ + qv - u)) de 
it follows from (14) ( w rc h- h is also valid with u replaced by v) that 1 A ] < K 
in the cone x. Hence, if (t, %) is in the interior of x then I’(& 3) cannot leave x 
except through the base of x. Of course it may be that r(i, Z) does not 
leave x at all, i.e. to < i. In this case from general theorems we know that 
as t -+ i, t > i, the point must approach 2. (Cf. [7], chapter II). But since 
we are in x, / x(t) - x(t’)l < K I t - t’ 1 so that as t + i the point (t, x(t)) 
approaches a point (i, 2) in 2, which we refer to as the terminal point of 
the fiber r(t, x). 
Now if we let w(t) denote the value of w along any fiber (f, Z) it follows 
from ( 16) that 
w(t) = w(t) exp /J: B(7) &I (19) 
from which it is clear that the sign of w cannot change along a fiber even 
up to a shock providing that the fiber meets the shock in its interior. This 
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is due to the fact that the derivatives of u and v have well defined Iii&. 
at interior points of Z so that the integral appearing in (19) remains bounded 
as the fiber approaches 2. 
Finally, if D is any subset of H - C we define S(D) as the stalk of fibers 
falling from D, i.e. 
S(D) = {(t, x) : (t, x) E r(i, %) for (f., X) E D>. 
Now our assumption that the theorem is false has led us to an open subset 
of x in which w is positive. Hence, for some T, to < T < t’, we have w > 0 
at each point of a disc E, 
E ={(T,;v): Ix-xXEI <,#,f>O) 
where E lies in the interior of x and does not meet 2. From (19) it follows 
that w > 0 throughout S(E). The proof will now proceed by showing that 
S(Ej can be continued downward across shock components to the base of 
x. This is done in such a way that w > 0 throughout the extension (which 
will also be called S(E)) and that the n-dimensional Iebesgue measure of the 
cross sections is bounded uniformly away from zero. This will of course give 
us w > 0 on a set of positive measure in the base of x, contradicting (15) 
and proving the theorem. 
As a first step we have, 
LEMMA A. Let D be a subset of the hype$ane t = constant which is open 
in Rn a?zd in which w is positive. Then the set of points in D whose $berr 
terminate on shock edges has n-dimensional lebesgue measure zero. 
The proofs of this and all succeeding lemmas are given in Section 4. Now 
as to those fibers which terminate in YPO, the interiors of the shock manifolds, 
we begin by noticing that they can terminate only on the IL+ side of Z”(U) 
and the W- side of X0(~). Letting u(t) and v(t) denote the restriction of u 
and v to a fiber we have 
LEMMA B. Let r be a jiber from E which terminates at a point n = (T, .f) 
in I=O. Then 
47 + 0) = Uf(T, 6) if 27 &ZO(U) 
V(’ + 0) = V-CT, f) if 7f E Xc(~). 
At this point if T(E) is the set of terminal points in x for fibers from E 
we have the following decomposition: 
T(E) = T, v T,, v T, v T, WI 
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where T, is contained in the shock edges, Tb lies in the base of x, T, C ,2?(u) 
and TV C Z:“(v). We shall not attempt to extend the fibers terminating in T, 
and in virtue of Lemma A we lose only a null set this way. We shall extend 
those r’s terminating in T, u T,, but we must first discard another null set. 
NOW since the first order derivatives of u and v are continuous up to .Z 
(from either side) at a point in ,P we see that the solution curves of (18) 
are uniquely determined by their initial points even up to points in Zs. 
Therefore the map E -+ T, u T, which maps (t, X) into the terminal point 
of r(t, X) is one to one. Moreover this map and its inverse are continuous 
and have continuous inner derivatives in the interior of T, u T, . “Interior” 
is understood with respect to the relative topology on T, V T, as a subspace 
of X0 n X. Therefore T, v TV is a finite union of n-dimensional manifolds 
with or without boundaries. We shall not extend the fibers terminating in 
the boundaries. Finally we cannot extend those fibers terminating in T, n TV . 
The next lemma assures us that this too involves only an n-dimensional 
null set. 
LEMMA C. T, n T, contains no n-dimensional manifold. 
We now extend the remaining fibers. 
LEMMA D. u- < v at interior points of T, and u < v+ at interior points 
of T,, except for poirzts in T, n T, . 
To see that this permits the extension of the fibers across the shock let 
us consider the case of an interior point in T, . The situation in T, proceeds 
in an analogous fashion. Since u- < v we obtain from the convexity off 
the inequality 
f(v) -fW ,f(u+) -f&-J = ~ 
v - u- u+ - u- 
where we have used also the fact that zc+ < U-. Therefore, if we let A* 
denote the limit of A from either side of Z we have, using (6) and (9), the 
relations 
in T, , i.e. the limit of (1, A) from the (-) side of 2 has a positive projection 
on the normal vector. This is precisely what is needed to be able to extend 
r as a solution of (18) from the (+) to the (-) side as t decreases. 
Therefore, except for those fibers coming from a null set in E we can 
extend S(E) across its first encounter with components of Z and the relation 
w = v - u > 0 is stall valid. Once across we are once more in a region 
where A is smooth with an open set in which w > 0 and the process can 
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continue. At each new encounter with Z we employ the same coristruction. 
We continue to use S(E) to denote the stalk of fibers from E, the fibers 
now being piecewise smooth curves r. 
We now must show that S(E) can be extended downward to the base 
of x and that at the base the cross section has positive measure. To do this 
we make use of the final key lemma. 
LEMMA E. If the cross section E, = S(E) n (t = constant) is not empty, 
then 
Now if E, is not empty let Pat be the subset of Et on which w 3 01, a! being 
an arbitrary positive number. Because of (21) we see that 
y= jEWd~~CYln(E~-P~)+jpiwdx 
Y 
< ctp + WayPat) 
where p is the rz-dimensional ebesgue measure of the base of x and MZ 3 %o 
in x= Therefore, if we now let CI = y/2t~ we obtain 
and this estimate is valid for all t for which Et is not empty, i.e. for all t in 
Q = {t : t < T and E, is not empty). Because of (22) and the piecewise 
smooth nature of w we see that if 7 E Q then there is a closed disc D contained 
in Pa* - Z. In a neighborhood of D, B is smooth and w is positive so that 
every fiber meeting D can be extended below 7. Since D is a positive distance 
from 2 and 1 A / is bounded, there is an E > 0 such that every such fiber 
exists on [T - E, ~1. Therefore Q is open. Moreover, if t E Q for all t > T 
then (21) and (22) imply that 7 EQ. Hence, Q is both open and closed in 
[to, T] and therefore Q = [to, T]. But then (22) for t = to contradicts (15) 
and the theorem is proved. 
PROOF OF LEMMA A. Since the shock edges in x lie on a finite number 
of (n - I)-dimensional manifolds it is sufficient to prove the lemma for 
fibers falling on any coordinate patch of an edge manifold. Let Q be such 
a patch. Let T be an open subset of a tubular neighborhood of the edge 
manifold and let aT be the corresponding subset of its boundary. Choose 
T so that it contains Q, aT is a Cr n-dimensional manifold and every fiber 
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terminating in Q passes through aT. This last can be done since [ A ( is 
bounded in x. Now let F C D be the set of points whose fibers pass through aT. 
Since A is smooth away from the shock we see that F is open. Let S(F) be 
the stalk of fibers from F. Let B = S(F) n 3T. B is also Cl. 
Now since zl and v are smooth solutions of (1) in S’(F) - T we have 
St&T 
NV - u)$ + div[f(v) -f(u)]> dt dx = 0 
so that using the divergence theorem we obtain 
0 = J‘, (v - 4 d-c + i, {(v - 4 Nti + [f(4 -A41 . NJ dQ. 
where (Nt , N,) is the outward drawn normal and 52 is n-dimensional lebesgue 
measure lifted to B. There is no contribution from the lateral boundaries 
since 
(9 - u) Nt + Cf(4 - f(@l * Nz = b - NW, + A . NJ 
which vanishes on the lateral boundaries. Now since u and v are bounded 
and f is continuous, there is a constant M independent of T such that 
s p(v - U) dx < M measure (i3T) 
Now for every E > 0 there is a closed set D, C D such that l,,(D - 0,) < E. 
Let v - u > 01 in D, . Then 
s F(8 - U) dx 2 &(F n DE) = a&(F) - &(F - DE) > 4(F) - w 
therefore 
Z,(F) < z measure (aT) + E 
Now if N is the set of points whose fibers meet Q then NC F for every 
tubular neighborhood so that 
Z,(N) < t measure (8T) + E 
Since this is valid for all tubular neighborhoods we have finally that Z,(N) < E. 
Since E was arbitrary this proves the lemma. 
DISCONTINUOUS SOLUTIONS OF QUASI-LINEAR EQUATIONS 121 
Proof of Lemnza B. We prove the assertion in the case when (T, 0 is in 
P(U); the proof for J?(V) proceeds in the same manner. Suppose then that 
r strikes .ZO(u) and, contrary to assertion, U(T + 0) = U-(T, 5). Since e, - u 
must remain positive we then have 
V(T + 0) > U(T + 0) = zr(T, l) > uq7, Q. 
Therefore, because of the convexity off and (18) we see that 
But then, from (6) and (9) we obtain 
i.e. the tangent vector (1, ?) of r has a positive projection on the u+-directed 
normal vector to Z(U). This contradicts our assumption that r approached 
from the U- side and therefore U(T + 0) is in fact equal to &(T, c). 
Proof of Lenlma C. If the assertion were false then there would be an 
n-dimensional patch PC T, n TV . But then the normal vector for 2(u), 
r](u), has the same direction in P as the normal to Z’(v), T(V). But if a fiber 
terminates in T, n T, it approaches Z(u) on the X+ side and Z(n) on the 
U- side. Hence we must have T(U) = --T(V) in P. This would contradict 
(9) and the lemma is seen to be true. 
Proof of Lemma D. Let (T, 5) be an interior point of T, that does not 
lie on z(n). Then v is smooth at (T, 5) and Lemma B assures us that 
U(T + 0) = u+(T, LJ). N ow in the intersection of some (n + 1)-sphere about 
(7, e) with the U+ side of Z’(U) we have v - u smooth and positive. Let (s, y) 
be a point in this set that also lies on the fiber terminating at (T? f), Then 
we have 
v(s, Y) - +, Y) = y > 0. (23) 
Since / A I is bounded we see that for all sufficiently small E > 0, the set 
D, = {(s, x) : 1 x - y j < c} 1. res in this set as does S(D,). Let T(D,) be the 
intersection of S(D,) with T, . From (1) and the divergence theorem me 
obtain as in the proof of A 
where we use the fact that the outward drawn normal to T(D,) is 
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-71 = (-77t, -Q). In this equation if we divide by E* and then let F -+ 0 
we obtain 
y==(w- u’) % + Lw - f@+>I * 77s l(T.0 
But now y is positive and so is ~(7, E) - u+(T; E) so that 
qt +f@) -f(u+) . ‘iz > 0 
21 - t-4’ 
at (T, t). But now because of the Rankine Hugoniot condition (6) this implies 
that 
I 
f(4 -fW _ fb-) -f(u+) 
v - uf 
. rla > 0 
u- - ad- 1 
at (7, 0. But each component of qr is 20, (9), so that for at least one integer e’ 
we have 
“h(v) -f&J*) > fiw -f&J+> 
v - u+ u- - Uf 
Finally, since f is convex this implies that v > U- at (T, 0 as is asserted 
in Lemma D. The proof that v+ > u in T, proceeds in the same fashion. 
Proof of Lemma E. Let [T, 4) be a point of E, . By construction there is 
a unique r from E that meets ( r, t). r is a piecewise smooth curve in x 
which can intersect 2 only in the interiors of the finite number of shock 
components in X. Moreover, r can intersect any given shock component 
at most a finite number of times for otherwise these intersection points 
would have an accumulation point P. Now [ A 1 is bounded so that P would 
be a point on J’ and therefore could not be on a shock edge. But on the 
other hand Lemma B shows us that between two intersections with a shock 
component r must “go around” an edge. Therefore, if P were in the interior 
of a shock component, the boundedness of ] A ( would be violated since the 
distance of P from the edge manifold would be positive. Therefore, I’ meets 
Z a finite number of times (if at all) each time in interior points of 
TuuTw-(TwnT,)C~o. 
This being the case we see that there is a disc D, = {(T, x) : 1 x - f j < p) 
around (T, e) such that D, C E, and each fiber meeting 0, intersects 2 
the same number of times, K, before getting to E. Let D C E be the initial 
points of the fibers that meet D, . Let Tl ,..., Tk be the intersections of 
S(D) with the shock components. Because of the smoothness of A and the 
shock components each of the Tg’s as well as D is diffeomorphic to 0,. 
Because of (1) we see that 
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We now view S(D) as the union of the k + 1 pieces lying between the Ti’s. 
We apply the divergence theorem to each piece remembering that there is 
no contribution from the lateral boundaries since (ZJ - u,J(v) -f(u)) is 
tangent to these boundaries: 
But now the two integrals over each of the Ti’s add to zero. To see this 
we notice that if Ti C T, then a(t + 0) = z(t - 0), zl(t + 0) = uf, 
u(t - 0) = U- and (Nt , NJ = ( --yt , --r/3. Therefore, the sum of the two 
integrals over Ti is 
which vanishes because of the Rankine Hugoniot relation, (6). Therefore, 
we have 
f 
wdx = w dx 
D i 4 
But now E is approximable in measure by a countable disjoint union of 
such D,‘s. Therefore 
s 
wdx = 
s 
w dx 
E-N E7 
where iV is the set of points whose fibers do not extend to t = 7. But as 
we have seen, Z”(N) = 0 so that the lemma is proved. 
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